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ELECTROSTATIC ATTRACTION
AND/OR REPULSION BETWEEN CHARGED
COLLOIDS: A (NVT) MONTE-CARLO STUDY

A. DELVILLE* and R. J.-M. PELLENQ

Centre de Recherche sur la Matiére Divisée, CNRS et Université d’Orléans,
45071 Orléans cedex 02, France

( Received April 1999; accepted July 1999)

We have performed canonical Monte-Carlo simulation of the distribution of counter-ions
between two uniformly charged colloids of different geometries (infinite slabs, discoids and
spheres). We have calculated the net force (or the pressure) between the colloids as a function of
the interparticle separation in order to determine their stability. Simulations were performed
within the primitive model which describes short-ranged excluded volume effects and long-
ranged electrostatic interactions. Long-ranged behavior of the Coulomb potential has been
handle by different numerical procedures: Ewald summations, hypersphere’s method or external
self-consistent field’s approximation. In all cases, the net force between a pair of colloids results
from the balance between the electrostatic attraction and the contact repulsion exerted by the
condensed counter-ions. In the case of two infinite slabs, both contributions are (in absolute
value) of the same order of magnitude; the resulting net force depends on the so-called
electrostatic coupling which is the ratio of the counter-ion/surface electrostatic term at contact
divided by the thermal energy. At high coupling (high surface density, polyvalent ions and/or
low dielectric constant), we have demonstrated the existence of an attractive domain responsible
for the cohesion of various lamellar materials (calcic-clay, cement, organic dispersion...). At
low coupling (monovalent counterions in water), we have only detected a monotonous swelling
behavior (repulsion) of the charged interfaces. We discuss these results on the basis of ionic
correlations within the double-layers of condensed counter-ions. In addition to the infinite-slab
case, we present results for a pair of discoid and spherical colloids in order to evaluate finite-size
effects. By contrast to infinite interfaces, the electrostatic attraction is found to be negligible for
a pair of parallel discoids neutralized by monovalent counter-ions (weak coupling conditions);
the net force is then repulsive and driven by the contact force. A net attraction is also found
in the case of divalent counter-ions (strong coupling conditions). No attractive regime is found
in the case of interacting spheres neutralized by monovalent counter-ions.

Keywords: Charged colloids; Monte-Carlo simulation
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1. INTRODUCTION

Charged colloids constitute a large class of materials implied in numerous
industrial applications (waste management, water treatment, drilling, paint,
food and cosmetic industry, civil engineering, heterogeneous catalysis, .. .)
exploiting their various physico-chemical properties (adsorption, ionic
exchange capacity, surface acidity, swelling or cohesive behavior, .. .). For
that reason, the stability of emulsions of charged colloids was the subject of
numerous experimental [1 -3, 19] and theoretical [4—17] studies. Because of
the long range of the electrostatic potential, a reduced fraction of charged
colloids totally modifies the mechanical behavior of dispersed materials.
As a consequence, the approximate Deryaguin-Landau-Verwey-Overbeek
(D.L.V.0.) theory was early introduced in order to describe the long-ranged
electrostatic coupling within suspensions of charged colloids.

In that theory, the stability of suspensions of charged colloids results from
a balance between short-ranged van der Waals attraction and long ranged
electrostatic repulsion. This entropic repulsion is the consequence of the
overlap between the diffuse layers of counterions surrounding each polyion.
We thus performed numerical simulations of the net interactions between
charged interfaces in the framework of the primitive model (short-ranged
excluded volume and long-range electrostatic coupling). Our Monte-Carlo
simulations were performed in the (N, V, T') ensemble for various conditions
(electric surface charge density, ionic radius and charge, shape and size of
the polyions).

From the simulations, we determined the mechanical stability of the
interfaces without using any approximation in order to determine the
domain of validity of the D.L.V.O. theory. The entropic repulsion included
in that simple theory is responsible for the stability of charged colloids at
low electrostatic coupling (§ = |0,,g/Rnya/(4€0e kT ), where o, is the surface
charge density, ¢ the ionic charge and Rpyq4 the ionic radius). But for infinite
charged lamellae, electrostatic attraction [4—11,13~17] and contact repul-
sion [13-17] were also shown to occur and drive the mechanical behavior
of the colloid suspension under conditions of strong electrostatic coupling
(€ > 0.4) and large ionic coverage (n= 167r|ow|R}21yd/ (3L|g|)) respectively
(L is the interlamellar separation). These attracto/repulsive behaviors are
both due to ionic correlations and are neglected in the Poisson-Boltzmann
treatment of charged interfaces, although this approximation underlies the
D.L.V.O theory.

Despite of the simplicity of the primitive model, we predicted complex
phase diagrams and equations of state, corresponding to the behavior of
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various charged lamellar materials (clays, cement, pillared and organo
clays,...). We further investigate the influence of the size and shape of the
polyions on the nature of their electrostatic coupling.

2. SIMULATION METHODS

We have used the (NVT) Monte-Carlo simulation technique in order to
investigate the equation of state (net force versus inter-colloid distance) of a
pair of charged colloids immersed in an solvent. In our study, the solvent
reduces to a dielectric continuum containing the number of counter-ions
necessary to maintain the electroneutrality of the system. In this work, we
have considered three different geometries for the colloids namely two in-
finite slabs, a pair of discoids and a pair of spherical colloids. Through out
this work, the temperature is fixed at 298 K and the solvent dielectric con-
stant is set equal to 78.5 (bulk water) or 5 (organic solvent).

2.1. Infinite Slabs

In the case of two infinite slabs, the lamellae are structureless with a uniform
surface density of charge (o,) and the counter-ions are described as hard
spheres characterized by their (hydrated) radius Rpyg and charge g. This
corresponds to a crude but simple modelling of clays or cement materials
(each material being characterized by its surface density of charge) within
the frame of the primitive model.

2.1.1. Calculation of the Potential Energy

The simulations were run within the frame of the Canonical ensemble i.e.,
at fixed number of ions, volume and temperature. The generation of the
Markov chain of configurations in Monte-Carlo simulations depends on the
total interaction energy which is the sum of the ion—ion and the ion-wall
interactions. The simulation study of the equation of state of two infinite
slabs was carried out by using two different approaches: the so-called eu-
clidian [4, 6,9, 10] and hyperspherical [13] methods respectively. In euclid-
ian geometry, the simulation box volume is defined by the interlameilar
distance and by the lateral extension in the directions parallel to the slabs.
Periodic boundary conditions and minimum image convention were only
applied in the directions parallel to the slabs (the minimum image conven-
tion introduces a cut-off in the ion—ion potential calculation at half the
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simulation cell lateral size). The ion—~ion potential for two k/ ions sepa-
rated by a distance ry, is therefore written as:

2

Uii(rkl) = —q~— forry >a
4rege riy

Uii(rk[) =00 forry<a (1)

where d is the (solvated) ionic diameter (d = 2Ryyq4). The ion-wall potential
is given by:

UfW(Az)=4l7‘§:O—V:;G(Z), zz(-?v—z> 2)
—4ln (1/2)+ 22 +(1/2)
G(Z)—41{ = }
_ (/A +27 +(1/8)
Z[Tr+2arcsm( (1/3)+ 22)? )] (3)

Az is the ion-wall distance. Relations (1) and (2) hold for all ions in the
simulation box of volume ¥ = W?2L where W is the lateral box size and L
the separation between the walls (see Fig. 1). W is directly related to the
total number of the counter-ions inclosed in the inter-layer space N, their
electric charge ¢, and the surface charge density o,, through the following

equation:
W=V 4)
200

This equation states the electroneutrality of the system: the total ionic
charge compensates exactly for the charge onto the walls. Due to the
relatively small size of the simulation box compared to the characteristic
length of coulombic interactions, it is necessary to include some corrections
in order to calculate accurately the system energy. One way to achieve this
[4,6,10], is to consider infinite virtual charged sheets placed at regular
separation parallel to and in-between the two walls (see Fig. 1). A square
hole is cut in each virtual sheet in order to not count twice the various
electrostatic contributions in the simulation cell. The surface charge density
Oext Of those sheets is obtained in a self-consistent manner from the block-
averaged ionic density profile (12) in the direction perpendicular to the
walls. The interaction between an ion in the simulation box and one of these
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FIGURE 1 Schematic picture of the model system with uniformly charged walls enclosing the
neutralizing counter-ions (see text).

virtual sheets is given by:

_ 90ext w

Uis —
drege,

(G(Z) + 27Z) (5)

The interaction of the walls with a virtual sheet is:

3
_ OwOext W

UWS —
47r€06,

(G(Z) + 272) (6)

This procedure leads to accurate results if the lateral extend of the
simulation cell exceeds the correlation length characterizing the counterion
distribution in the two directions parallel to the slabs. In order to have the
total energy of the system, two other terms need to be considered. The first
is the self energy of the ions which can be written as:

Uself-ion =N- q2 (7)
87 E()ErRhyd
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The second is the self energy of the two walls given by:

pett-val _ oW (G(%) + G(O)) : (8)

drepe,

The two last terms are constant for a given number of ions and a given
separation between the walls. They are not required in the Monte-Carlo
procedure itself but are important in the study of the overall system
energetics. By contrast to simulations of coulombic fluids in euclidian geom-
etry (which necessitate long-range corrections as described above), calcula-
tions at the surface of a hypersphere [13] in four dimension are much easier
to perform since a simple and exact analytical expression of the Coulomb
potential is available. Moreover, in such a geometry, there is no need of
periodic boundary conditions since one deals with a closed space. When us-
ing the hyperspherical approach, one must take care of the curvature effect
of the space. This can be corrected by running several calculations for in-
creasing hypersphere radius i.e., for increasing number of particles. This is
quite easily achieved since hypersphere calculations are not demanding in
CPU effort: the plot of an averaged quantity versus the reciprocal of the
hypersphere radius allows an accurate estimate of this quantity at the ther-
modynamic limit. We have used the hyperspherical method to check the
validity of the euclidian approach above described. Figure 2 presents two
infinite slabs map out on the hypersphere: for commodity, when the 4D-
hypersphere is reduced to a 3D usual sphere, the slabs can be seen as two
segments of sphere placed at the north and south poles; the counterions
are free to move between the caps at the surface of the sphere. All needed

Lamella N

Equator

Lamella S

FIGURE 2 Illustration of two charged interfaces within hyperspherical geometry.
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details for simulating infinite slabs in hyperspherical geometry can be found
in Ref. [13].

2.1.2. Calculation of the Force Between Two Infinite Slabs

The force between the walls is directly related to the z-component of the
pressure in the system. In Canonical Monte-Carlo simulations, this force per
unit area is the osmotic pressure. The pressure between two infinite charged
slabs can be derived analytically:

2

g
P=-—-—Y kT 9
Seot, + Pwall 9)

where pya is the counterion density on the slabs, py.n K7 the contact term
and [—a2 /2¢,60] the electrostatic term. The pressure is however difficult to
estimate accurately by using this two component expression since both
contributions are of the same magnitude but of opposite sign. An alternative
procedure was suggested by Gulbrand ef al., 15 years ago [4,6]: these
authors suggest to evaluate the pressure as the force transmitted through a
fictitious plane placed at mid-distance between the slabs in the interlamel-
lar void space; the mechanical pressure being the same everywhere in the
system. With such a procedure, the z-component of the pressure can be
written as the sum of three terms:

P = Pelec + Pideal + Pcontact (10)

where P, is the electrostatic force per unit area acting across a fictitious
plane at z = 0 (see Fig. 1), Pigea1 = p(0)kT is the kinetic contribution with
p(0) being the ionic density at z =0 and Pcontace 1S proportional to the
number of ions in contact (collisions) through the plane located at z = 0.
It has been shown that the pressure can be obtained most accurately
by calculating each of its components at the midplane of the system (10).
The electrostatic pressure can be obtained from the derivative with respect
to the z variable of the interaction energy previously defined as the sum
of the ion-ion, ion-wall and the wall —wall interactions including all long-
range corrections. The contact pressure at the midplane is extrapolated from
the ensemble average of cos(z;/r;) of each (if) pair of ions pertaining to
different sides of the simulation box (with respect to the midplane). Finally,
P,y is obtained from the ionic density in a volume w2z spanning the
midplane. Most of the simulations were run with 400 ions. Simulation with
1600 ions give essentially identical results as far as the total energy per ion,
the pressure and the ionic profile are concerned. Figure 3 shows an excellent
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FIGURE 3 Total swelling pressure and its different components calculated for two infinite
slabs (see text and [10]).

agreement between our result and those reported by Valleau et al. [10] for
g=+2e Ryyg = 31&, g, =785and o, =—1410"7 e//°\2. It is interesting
to note that (i) the electrostatic contribution to the total pressure is always
negative (ii) both the ideal gas and the contact terms are positive (iii) all
these three terms are strongly distance dependent. The total pressure is
therefore the result of a fine balance between these three contributions.

2.2. Discoid Colloids

We have performed (N, V, T) Monte-Carlo simulations of the distribution of
842 monovalent (Fig. 4) and 421 divalent counterions neutralizing two
parallel negatively charged discs [17]. The ion/ion, disc/ion and disc/disc
interactions are described in the framework of the primitive model: elec-
trostatic long-ranged coupling and hard core contact repulsion. Ion dia-
meter is set to 4.5A for both counterions, corresponding to the size of
hydrated sodium and calcium cations. The diameter and thickness of charged
discs were set t0 200 A and 5.5 A respectively, in order to model the behaviour
of synthetic Laponite clay [20]. Each particle bears 421 negative charges
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FIGURE 4 Snapshot of an equilibrium configuration of 842 monovalent counterions
distributed around two charged discs.

displayed on a squared lattice within its equatorial plane. The correspond-
ing surface charge density is 0.0067 electron per squared A of total basal sur-
face. In addition to the electrostatic energy, we also determined the average
force acting on each particle in the longitudinal direction. This force divided
by the cross section of the particle may be directly compared to the pres-
sure determined for infinite particles. It originates from the ion/particle and
particle/particle electrostatic and contact forces. The electrostatic energy
is calculated by using Ewald summation [18], within the classical 3D mini-
mum image convention. Summations in the reciprocal space are performed
with 728 replica of the central cell, and the screening parameter k is set to
.005A~'. Since the size of the simulation cell is 1000 A, these conditions
lead to an accuracy better than .005 for the electrostatic energy. Longitudi-
nal contact forces exerted on each particle is determined by extrapolating to
contact the local ionic densities on both sides of the disc. In order to reduce
the statistical noise, 5000 blocs of 20000 iterations where necessary to ther-
malize and average the interparticle force.

2.3. Spherical Colloids

In this work, we present preliminary results concerning the forces between
two spherical colloids neutralized by monovalent counterions (Fig. 5).
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FIGURE 5 Snapshot of an equilibrium configuration of monovalent counterions distributed
around two spherical colloids.

The charge of the spherical colloids is placed at their center of mass. The
conditions of these simulations are those given in Table I in Ref. [16]
(c=17310"° e/;\z, g=1,e =785, Ryphere = 554A). The total force on one
colloid due to the other colloid and the atmosphere of counterions is
the sum of three contributions: the (repulsive) electrostatic colloid/colloid,
the colioid/ion electrostatic and the contact colloid/ion terms. Both the
electrostatic and contact colloid/ion terms can be calculated discretely from
the standard expression in the Primitive Model and also by integrating the
ionic density distribution. Both approaches give similar results (difference
less than 10™) and thus provide an internal checking procedure of the code.
We are seeking for the force between two isolated spherical charged colloids.

TABLE Ia Total pressure (atm) and its contact contribution for particles neutralized by
monovalent counterions

Pt Pcont Pt Pcont
D Finite discs Infinite lamellae
2.11 607 61 81+8 159
3.22 30+7 38 32+5 110
4.33 25+6 25 17+4 95
5.44 206 19 1+3 89
7.66 18+6 14 6+2 84
9.88 13+6 11 3+1 81
14.53 11+£6 9 1.7£ .5 79.7

21. 616 6 26x.5 80.6
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Table Ib Total pressure (atm) and its contact contribution for particles neutralized by divalent
counterions

Pt Pcont Pt Pcont
D* Finite discs Infinite lamellae
1.67 21+5 66 2242 100
1.89 -7+4 43 S5+1 83
2.11 ~11+3 30 -2+1 76
233 —13+3 22 —6+1 72
2.56 -3+6 15 —6x1 72
2.78 —-2+10 16 -6+1 72
3.00 —1+7 15 —45+.5 74
322 2+7 10 —-32+3 74.8
3.44 ~1x7 12 —-25+£3 75.5
3.67 —-0.6+.1 77.4
3.89 —-0.6+.1 77.4
4.11 —-0.5+%.1 77.5
4.33 -03+.1 77.7

Therefore, we have used large simulation cell: an important aspect of this
work was to check the influence of the simulation cell size on the results
(periodic boundary conditions and minimum image convention were
applied). We have found that equilibrium is reached if the maximum step
length for random displacement is a proportion (typically 15%) of the
smallest ion/colloid distance (the maximum step length varies during the
course of the simulation). This allows to properly sample the very large
configurational space available for reasonable simulation cell size (2000 A);
simulations run with larger simulation cell lead to same energy and pressure
therefore avoiding the use of Ewald summations. By contrast, simulations
based on fixed maximum step length for random translation displacement
do not converge in such large simulation cells.

3. RESULTS AND DISCUSSION

3.1. Infinite Slabs

Here after, we report some pressure calculations for different value of the
surface charge density (characterizing a given material) as a function of the
inter-layer distance. Since the simulations were run at constant volume, a
positive pressure would correspond to a swelling system i.e., in a real ex-
periment, the inter-layer distance would increase until the mechanical equi-
librium is recovered. Conversely, a negative pressure indicates a cohesive
system i.e., in a real experiment, the inter-layer separation would decrease
to compensate for this negative pressure. Figure 6 shows the variation
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FIGURE 6 Variations of the osmotic pressure for sodium and calcium Montmorillonite.

of the osmotic pressure with the wall separation for the Ca?* and Na™/
Montmorillonite systems respectively. It is clear that the Ca®*/Mont-
morillonite system exhibits a cohesive behavior for distances larger than
8.5A. This attraction is at relatively long range (at 22 A, the pressure is still
negative) and the minimum (— 8.9 atm) is reached at 13 A. The pressure be-
comes positive at 22A and goes through a maximum at around 27A
before a continuous decrease. The overall behavior is in agreement with
experiment although pressure oscillations at short range (solvation forces),
experimentally observed [19], are not reproduced in the simulation because
of the continuum approach used to describe the solvent [11]. It is also
interesting to note the good agreement between the simulation results and
the predictions of HNC theory [7,8]. In the case of sodium ions in
Montmorillonite, the pressure remains always positive indicating a swelling
behavior [1, 2]. Figure 7 shows pressure/separation curves for the Ca*>* and
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FIGURE 7 Variations of the osmotic pressure for sodium and calcium Tobermorite.

Na™ in Tobermorite. Again the Na "/Tobermorite system is continuously
swelling while the Ca®*/Tobermorite system exhibits a strong cohesive
behavior with a deep minimum (— 580atm) at 7A. Thus this model,
although simplistic is able to reproduce the observed cohesive behavior
of cement materials and the swelling behavior of sodium/clays systems.
Figure § presents a two dimensional plot of the pressure as a function of the
surface charge density and of the plate separation for calcium ions. It is in-
teresting to note the existence of a pressure minimum for an optimal value
of the surface charge density o' = -3 1072 e/z&2 at a distance of 7A. The
analysis of the different contributions to the pressure indicates that (i) the
electrostatic pressure (negative) becomes more attractive with increasing
value of ¢ (ii) the ideal gas term (positive) gives the largest contribution to
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Distance (A)

Surface charge density (10 2 e/Az)

FIGURE 8 Contour map of the total pressure between two infinite charged interfaces
dispersed in water and neutralized by calcium counterions.

the repulsive part of the total pressure for o < o0P'; the contact pressure
being negligible (iii) conversely for o > o %', the contact pressure starts to
increase dramatically and diverges; it becomes at o, = —4 102 e/Az, the
main component of the repulsive part of the total pressure. The deep
pressure minimum obtained at o, = o P', progressively vanishes and the
pressure becomes positive for o, = —3.91072 ¢/A? for an inter-layer
separation of 7A. We also note the existence of a secondary minimum for
values of o, close to o' (see also Figs. 9 and 10). This is the consequence
of the brutal vanishing of the contact pressure when the layer separation al-
lows the formation of two distinguishable counter-ion layers. The abso-
lute distance between the layers is then equal to two ionic diameters. The
existence of a deep minimum at short distance thus corresponds to a
situation in which it is not possible to define two distinct electric double
layers. A more detailed picture of the interaction between charged layers
should include both the atomic roughness of the surfaces and a molecular
description of the solvent in order to describe phenomena such as solvation
forces [11]. As shown in Eq. (9), the total pressure can be written as a sum of
an electrostatic contribution with a contact term which depends on the ionic
density at contact on the slabs. This equation always leads to a repulsive
behavior in the framework of the Poisson-Boltzmann theory (PB) which
neglects ionic correlations. In the PB context, Eq. (9) simply reduces to the
entropic component of Eq. (10) (p(0) k7). The difference in the ionic profile
between the results as obtained within the PB framework and the MC
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FIGURE 9 Contour map of the total pressure between two infinite charged interfaces dis-
persed in water and neutralized by divalent counterions with a diameter of 2 A.
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25 0.03

FIGURE 10 Contour map of the total pressure between two infinite charged interfaces
dispersed in organic solvent (¢, = 5) and neutralized by monovalent counterions with a
diameter of 4.25A.
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simulations (which into account de facto ionic correlation effects) are shown
in Figure 11. At weak coupling (Na "/montmorillonite), the PB concentra-
tion profile coincides with that obtained from the MC simulation. Note
also, the small amplitude of the fluctuations in the instantaneous profile cal-
culated from a single equilibrium configuration: this criterium (small fluctu-
ations) matches the condition of validity of a mean field approximation
such as the PB theory. A larger electrostatic coupling (Ca**/Tobermor-
ite), larger fluctuations occur and the PB profile is very different from that
obtained with the simulations. To further illustrate the ionic correlation
effect, we have also calculated 2D-radial distribution functions of mono-
valent counterions confined between charged lamellae (o, = 5.5 10‘2e/,&2)
and reduced separation L™ = L/d = 1.78 (Fig. 12). The 2D internal radial
distribution function is calculated within the plane of counter-ions

- - - snapshot density profile .
- average density profile LN
Poisson-Boltzmann profile A'/

50 -

40 -

30 -

lonic concentration (mol /1)

20 T T T
1.3 14 1.5 16 1.7

28
26

24 -
22
20
18
16

ionic concentration (mol / [}

14 -
12 T T T T T T T

FIGURE 11 Comparison between the Poisson-Boltzmann concentration profiles of confined
counterions and the instantaneous and averaged Monte-Carlo results calculated for the Ca/
Tobermorite (a) and Na/Montmorillonite (b) interfaces.
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FIGURE 12 2D radial distributions functions of confined counterions (a) (see text) and its
extrema (b).

condensed at contact with one single charged slab while the external one is
evaluated between two facing layers of condensed counter-ions. Clearly,
Figure 12 exhibits strong correlations in both internal and external radial
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distribution functions due to excluded volume effect. This local ordering
propagates at large distance following an algebraic decay law as predicted
by Jancovici [12] for 2D systems.

At plate separations lower than two ionic diameters, Figures 8 — 10 exhibit
two transitions from repulsive to attractive mechanical behavior of infinite
charged interfaces. Despite of the complexity reported on these contour
maps, one may be tempted to renormalize these results by introducing a
master equation of state. By contrast with continuous potentials frequent-
ly used in numerical simulations (Lennard-Jones, Morse, Yukawa,
Buckingham, ...) the primitive model, at the basis of these results, mixes
discontinuous hard-core repulsion with continuous long range electrostatic
attracto-repulsive potentials. Because of the singularity of the hard-core
potential, the research of a master curve renormalizing Figures 810 (and
also 2D pressure contour maps in reference [14]) appears as a hopeless quest.
Nevertheless we have tried to deduce some necessary conditions for the
existence of interlamellar attraction.

As seen in Eq. (10), the mechanical behavior of infinite charged lamellae
is better described as a balance between entropic repulsion, electrostatic
attraction and ion—ion contact repulsion (evaluated at midplane). At low
surface charge density, electrostatic and contact interionic correlations are
negligible and the mechanical behavior of the interface is driven by entropic
repulsion. This regime corresponds to the domain of validity of the Poisson-
Boltzmann treatment, which neglects ionic correlations (see Fig. 11). At
higher surface charge density, electrostatic correlations emerge leading to a
net attraction. Finally, at very large surface charge density, the mechanical
behavior of the charged interface is overcome by the repulsive hard-core
contributions. In order to predict these successive transitions between at-
tracto/repulsive regimes, let us introduce two parameters:

_ |owqlRuya

6 - 47TEoErkT

(11)
£ is proportional to the coupling parameter quantifying the strength of the
counterion/lamella electrostatic attraction at contact;

STTIO'W'Rayd
g = (12)
3L|q|
7 is the volume fraction of the counterions confined between the lamellae
which quantifies the strength of the ion—~ion contact repulsion.
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From the analysis of Figures 810 one concludes that the pressure
minimum occurs for reduced interlamellar separation L* = L/(2Rpyq)~
1.45. We thus analyse the transitions between attracto/repulsive regimes at
this optimum separation, since the absence of attraction at this critical se-
paration is a condition sufficient to preclude the occurence of a net attraction
between the lamellae, whatever their separation. From the analysis of Fig-
ures 8—10, we note that the first transition between entropic repulsion
and electrostatic attraction is monitored by the electrostatic coupling
parameter and occurs at L* = 1.45 for £ = (0.4 +0.15). The second transi-
tion between electrostatic attraction and contact repulsion is monitored
by the volume fraction of counterions and occurs at L* =145 for n =
(0.29 + 0.03). From the definition of these two parameters (Egs. 11 and
12), one deduces the conditions necessary for the existence of an attractive
regime at L* = 1.45:

Arege kT
dmeoerkT 101 < (0.10 £ 0.01) 191 (13)

0.45+£0.15
( ) |q|Rpya Rlzlyd

Furthermore we note that the pressure minimum occurs for a counterion
volume fraction #7°P' = (0.251 +£0.002), leading to the optimum surface
charge density |o°Y|=(0.087 £ 0.001) ]q[/Rlzlyd. By using Eq. (9), it is
possible to deduce from the average ionic density at L* = 1.45 the local
counterion density at contact with the charged lamellae: pyay = (7£3) p°
(p° is the average density of confined counter-ions). As a consequence, the
pressure minimum may be estimated by:

POPt — @y 7+ 3)p°kT 14
= el +(7£3)p (14)
As shown on Figure 13, we obtain a semi-quantitative agreement between
the predicted and calculated optimal charge densities and pressures. As a
conclusion, we are only able to deduces the necessary conditions for the
existence of an attractive regime. We further predict the strength of the
optimum attraction between the charged lamellac and its corresponding
surface charge density. Such information may be very useful in material
science for optimizing the mechanical properties of charged interfaces.
Obviously, the validity of our predictions are restricted by the limitations of
the primitive model and the limited number of parameters investigated in
this study (counterion charge equal to 1 or 2, dielectric constant equal to 5
or 78.5 and surface charge densities varying between 5 10~ and 6 10~2¢/A2).
While these parameters cover a wide range encountered by most real
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FIGURE 13 Comparison between the optimal pressure obtained from numerical simulations
(e and A) and its derivation from Eq. (14) (R and W) (see text) calculated for divalent
counterions in water (¢, = 78.5; W and ) and for monovalent counterions in organic solvent

(e, =5, A and V).

materials, it should be interesting to investigate other systems, including, as
an example, counterions with larger valency.

3.2. Discoid Colloids

Average concentration profiles are drawn on Figure 14 for ions located in a
cylinder limited by the cross section of the discs. Since the origin is set at the
center of each disc, the densities of counterions at contact with the disc basal
surfaces is obtained by extrapolating the concentration profiles down to a
distance of 5 A. Figure 14 exhibits noticeable differences between the local
ionic concentrations inside and outside the interparticle domains. The ionic
densities are always larger in the interparticle domain because of the over-
lap of the electrostatic well located in the vicinity of each particle, leading
to ionic condensation. One can divide the simulation cell in two domains:
the inner and outer disc domains. By contrast to infinite slabs, the differ-
ence between the ionic distributions in these domains triggers the overall
mechanical behavior of the system: the net contact force acting on each
particle results from a balance between its inner and outer ionic contact
densities. We have calculated the net force exerted on each particle from



18:59 14 January 2011

Downl oaded At:

CHARGED COLLOIDS 21

FIGURE 14 Average local concentration of monovalent counterions distributed around two
charged discs (¢;(r)/cf = 3000[—--- —], 1000 [— —], 500 {(——1], 100[- — —],50[...], 10[—]).

thermalized ionic distributions. The results are shown on Figure 15 for discs
neutralized by mono- and di-valent counterions. The net force is divided by
the cross section of the disc in order to be compared with the pressure
calculated previously for infinite charged lamellae [13, 14]. Because of the
finite size of the particles, counterions are located on both sides. It follows
that the net contribution of the ion/disc longitudinal electrostatic and con-
tact forces cannot be predicted a priori. However, because of the dissym-
metry reported in Figure 14, one may conclude to a net repulsive ion/disc
contact force.

The results shown on Figure 15 are in qualitative agreement with the
data previously reported for infinite charged lamellae [13, 14]. For infinite
lamellae neutralized by mono- and di-valent counterions, the net longitudi-
nal pressure resulted from the balance between large electrostatic attrac-
tion and contact repulsion (see Eq. (9)). For finite particles neutralized by
monovalent counterions, the electrostatic contribution is always negligi-
ble (see Tab. I), and the net longitudinal force results mainly from the re-
pulsive contact force, because of the excess of condensed counterions in
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the inner domain. For charged discs neutralized by divalent counterions,
the contact contribution to the longitudinal force is still repulsive, but the
electrostatic attraction becomes significant and may overcome the con-
tact repulsion, leading to attracto/repulsive behavior. This attraction is
responsible for the flocculation reported for dilute suspensions of such
colloidal anisotropic particles in presence of divalent counterion [8]. Finally,
at large separation the contact force between two finite discs becomes
negligible, since the local ionic concentration are the same at both sides of the
discs. Note that totally different behavior is reported for infinite charged
lamellae.

3.3. Spherical Colloids

Figure 16 presents the force versus distance for two spherical colloids
neutralized by monovalent counter-ions (sodium). Clearly, in the conditions
as above described, the two colloids repel each other. Our results are in
excellent agreement with those reported by Allahayrov et al. [16]. This
repulsion is due by the ion/colloid electrostatic term (the colloid/colloid
term being obviously also repulsive). Note that the colloid/ion contact term
is found negligible.

4. CONCLUSIONS

We have studied the long range electrostatic interaction between charged
colloids of various geometries (infinite slabs, discoids and spheres) in various
coupling conditions. We have demonstrated the existence of large attractive
domains for infinite slabs at sufficient electrostatic coupling conditions at
variance with Poisson-Boltzmann predictions. This attraction results from
ionic correlation forces. Note that the attractive behavior disappears at very
high coupling due to contact forces. By introducing two coupling
parameters which quantify both the electrostatic and contact forces, we
were able to formulate necessary conditions for the existence of an attractive
regime. We have further investigated the influence of the finite size effect of
colloids on their mutual interactions. We have found an attractive behavior
between two discoid colloids at large coupling conditions driven by
electrostatics. At low coupling, repulsion is detected and driven by contact
forces. Preliminary calculations on spheres indicate a repulsive behavior at
low coupling conditions.
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